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By using Bogoliubov–de Gennes equations, we study superconducting (SC) states in a quasi-two-

dimensional system of radius R. It is shown that no vortices exist in s-wave SC samples with R< Rc �
�ð0Þ, the T ¼ 0 coherence length. We predict that chiral p-wave states exhibit superconductivity for

R< Rc only in the presence of a vortex with opposite chirality. This induced SC phase is a consequence of

nonzero chirality of the pairing order parameter and implies the presence of chiral edge currents. Our

study may be applied to sharply probing the pairing symmetry of unconventional superconductors.
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One of the most fascinating areas in condensed matter
physics is the study of unconventional superconductors
that spontaneously break time-reversal symmetry [1],
such as pþ ip and dþ id superconductors. Due to their
nontrivial topology, such systems may support exotic ob-
jects such as half-quantum vortices and zero-energy modes
of Majorana quasiparticles [2]. A key challenge is to
identify the pairing symmetry of such superconductors.
Currently, the Kerr effect and muon spin relaxation experi-
ments have played an important role in detecting broken
time-reversal symmetry.

Here, we propose that mesoscopic systems may provide
novel platforms for the study of unconventional supercon-
ductivity due to the experimental availability and intrigu-
ing properties in small length scale. Recent advancements
in nanofabrication have made it possible to study super-
conductivity in mesoscopic samples with size comparable
to the coherence length � [3]. As the dimension of a
superconductor is reduced to order of the superconducting
(SC) coherence length, the effect due to the edge and the
vortex core becomes important. The former enforces van-
ishing quasiparticle amplitudes, while the latter requires a
topological phase factor on the pairing potential, whose
amplitude vanishes at the center of the vortex core. All
these have provided motivation for the research of few-
vortex physics [4].

In this Letter, we use Bogoliubov–de Gennes (BdG)
equations to study SC states in a disk of radius R, compa-
rable to the coherence length �. This microscopic theory
allows us to study the system at zero temperature and with
size smaller than � quantitatively, and it also enables us to
evaluate observables in detail. Our results are further sup-
ported by intuitive analysis based on the Ginzburg-Landau
(GL) theory. To be consistent with previous studies based
on the GL theory [5], we begin with s-wave superconduc-
tors and confirm that the vortex state can only be generated
with system size larger than a critical value Rc. For the

unconventional paring, we predict that chiral p-wave states
exhibit superconductivity for R< Rc only in the presence
of a vortex with opposite chirality, namely, an induced SC
phenomenon. A half-quantum vortex in the equal spin
pairing p-wave state is also studied. The relevance to the
possible p-wave superconductor Sr2RuO4 is discussed.
We start with the s-wave case. The BdG equations read

h0ðrÞ �ðrÞ
��ðrÞ �h�0ðrÞ

" #
uiðrÞ
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: (1)

In Eq. (1), uiðrÞ and viðrÞ form the two-component wave
function of quasiparticles corresponding to energy Ei in the
SC state. �ðrÞ is the pairing potential satisfying the self-
consistent equation

�ðrÞ ¼ g
X
Ei<�

uiðrÞv�
i ðrÞ½1� 2fðEiÞ�; (2)

with g the coupling constant, fðEiÞ the Fermi distribution
function, and � an energy cutoff. h0ðrÞ is the single elec-
tron Hamiltonian
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where m is the electron mass, and � is the chemical
potential. AðrÞ is the vector potential determined by the
Maxwell’s equation r�r�A ¼ 4�
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We work in a polar coordinate system ðr; �Þ and consider a
natural boundary condition uiðr¼R;�Þ¼viðr¼R;�Þ¼0.
Note that we neglect the z dependence on u, v, and A
due to the fact that effective mass along the z direction is
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large and the thickness of the system is small enough [6].
The single particle wave function of h0 (with A ¼ 0)
corresponding to the eigenvalue �jl is

�j;lðr; �Þ ¼
ffiffiffi
2

p
RJlþ1ð�jlÞ Jl

�
�jl

r

R

�
eil�; (5)

where l is the angular momentum, JlðxÞ is the lth order
Bessel function of the first kind, and �jl is the jth zero of

JlðxÞ [7]. In the presence of pairing, we have uiðrÞ ¼
uiðrÞeil� and viðrÞ ¼ viðrÞeiðl�nÞ�, with n the vorticity.
The order parameter then takes the form �ðrÞ ¼
�ðrÞein�. n ¼ 0 corresponds to a vortex-free state, and
n ¼ 1 to a vortex state. uðrÞ and vðrÞ can be expanded in
terms of �j;l. The coherence length may be estimated

�ðTÞ ¼ @vF=��ðTÞ [8], with vF the Fermi velocity and
� the order parameter of the vortex-free state at R ! 1.

In Figs. 1(a) and 1(b), we plot the spatially averaged SC

order parameters ��. In Fig. 1(a), for the vortex-free state
(n ¼ 0) at T ¼ 0, the superconductivity remains robust as

R decreases. The sudden drop in �� at R � �ð0Þ is due to
the quantum size effect, where the energy level spacing due
to confinement becomes comparable to the SC gap [9]. The
vortex state (n ¼ 1) vanishes at R< Rc � 1:5�ð0Þ, con-
sistent with the GL theory [5] and the recent experiment

[10]. Therefore, there is a sharp crossover between vortex
and vortexless behaviors at R � 1:5�ð0Þ.
At small R * Rc, the vortex state exists at low T, but

vanishes at T ¼ T0 < Tc, due to the increasing vortex core
size [or the value of �ðTÞ] with T, as shown in Fig. 1(b).
The corresponding phase diagram in Fig. 1(c) can be
calculated by comparing the Gibbs free energy G ¼
hH i � TS þF H of different states in equilibrium [11],
with H the mean-field Hamiltonian, S the entropy, and

F H ¼ R
dr jB�Hj2

8� the magnetic field exclusion energy

[12]. There is a sharp drop for the upper critical field at
T � 0:6Tc, indicating the suppression of the vortex state.
This result may explain the recent experiment on ultra-
small aluminum thin films, showing a similar drop below
Tc in the H-T phase diagram [13].
We now study the much more intriguing p-wave case.

We shall only consider states that are allowed by rotational
invariance and shall restrict our attention to the chiral px þ
ipy phase, the 2D analog of 3He-A [14]. For a given spin

component, the BdG equations have been derived by
Matsumoto et al. [15] and read

h0ðrÞ �ðrÞ
���ðrÞ �h�0ðrÞ
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with �ðrÞ ¼ � i
kF

P
�½��h� þ 1

2 ðh���Þ�. Here, �� are

the pairings of px � ipy states, respectively, and satisfy the

self-consistent equations

��ðrÞ ¼ �i
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X
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with kF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m�=@2

p
and h� ¼ e�i�ð@r � i

r @�Þ [16]. In

the thermodynamic limit, there are two degenerate eigen-
states with px � ipy pairings. In the finite system, the two

pairing symmetries are mixed near the boundaries. We
consider here the state where the px þ ipy pairing is the

dominant component. In the disk geometry, the pairing
parameters have the forms �þðrÞ ¼ �þðrÞein� and

��ðrÞ ¼ ��ðrÞeiðnþ2Þ�, where n is the vorticity. We focus
on three cases: the vortex-free state (n ¼ 0), negative-
vortex state (n ¼ �1), and positive-vortex state (n ¼ 1).
Let us consider the spin triplet case with sz ¼ 0. Our
results are shown in Fig. 2. For the vortex-free state, the
pairing is dominated by the px þ ipy component �þ,
except near the edge, where the px � ipy component ��
also becomes substantial. At the edge r ¼ R, j�þj � j��j.
The right panels in Fig. 2 show the density distributions of
the supercurrents. Note that at the edge, the current density
shows rapid oscillations with a wave vector 2kF. In
Fig. 2(b), near the edge within the length scale �ð0Þ [17],
the supercurrent flows counterclockwise, while next to the
edge current within the penetration depth, about 2�ð0Þ, a
weak screening current flowing clockwise is driven by the
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FIG. 1 (color online). s-wave superconductivity in a disk of
radius R. (a) Spatially averaged SC gap �� vs R at T ¼ 0. (b) ��
and the coherence length � (e) vs T for R ¼ 2:5�ð0Þ. j is for
the vortex-free state, and d is for the vortex state in a magnetic
field. (c) Phase diagram H vs T for R ¼ 2:5�ð0Þ. Here, �0 is the
superconducting flux quantum. The parameters are gm=2�@2 ¼
0:256, � ¼ 180 meV, � ¼ 30 meV, and m ¼ me, the free
electron mass, which give the SC gap � ¼ 1:2 meV and �ð0Þ �
40 nm in the large R limit.
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Meissner effect. We also confirm that the bound edge states
contribute to the former and the scattering states contribute
to the latter [18].

Due to the broken time-reversal symmetry, there are two
types of vortices with n ¼ �1, depending on the direction
of the applied magnetic field. Note that there is an induced
supercurrent near the vortex core, whose direction is the
same as that of the intrinsic chiral edge currents for n ¼ 1
and is opposite to that for n ¼ �1.

Now we turn to the study of the quantum size effect due
to finite confinement at T ¼ 0. Contrary to the s-wave SC
state, there is no vortex-free p-wave SC state at R< Rc �
1:5�ð0Þ, and the negative-vortex state in the p-wave state is
robust against small size, as we can see from Fig. 3(a). The
superconductivity in the vortex-free state is destroyed by
the supercurrent induced by the chiral motion of the
Cooper pairs at the edge, which becomes dominant in a
sufficiently small sample. In fact, the boundary region in
the vortex-free p-wave SC state is similar to the vortex
core in the s-wave state, where the superconductivity is

suppressed by the supercurrent around the vortex core. In
the negative-vortex state, the supercurrents around the
vortex and around boundary flow in the opposite directions
[see Fig. 2(d)], and partially cancel each other, which
makes the superconductivity stable. This situation is simi-
lar to that of a vortex-antivortex pair [4].
To propose experiments to test our findings, below we

study the T dependence of SC states for the system of
R ¼ 2:4�ð0Þ. As can be seen in Fig. 3(b), the T dependence
of the order parameters for different SC states shows quali-
tative discrepancy. In the absence of any external magnetic
field, the chiralp-wave superconductivity disappears above
0:6Tc. This is because that �ðTÞ increases with temperature.
If a magnetic field is applied to the system to induce a
negative vortex, the SC condensate may revive between
0:6Tc andTc. To further illustrate thewhole physical picture
quantitatively, we can construct the corresponding phase
diagram in Fig. 3(c) by comparing the Gibbs free energy G
as usual. It is clear that this phase diagram and its s-wave
counterpart in Fig. 1(c) form a sharp contrast. It shows both
reentrant and inducedp-wave SC phases invarious regions,
both of which are absent in the s-wave counterpart.
Specifically, between 0:3Tc and 0:6Tc, there is a reentrant
SC phenomenon as H increases from zero since it evolves
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FIG. 2 (color online). Spin triplet px � ipy state (sz ¼ 0) in a
disk of radius R ¼ 12�ð0Þ. Left: Spatial variation of the order
parameters �þ and �� (imaginary part). Right: Spatial depen-
dence of the supercurrent density j�ðrÞ. (a),(b) Vortex-free state;
(c),(d) negative-vortex state; and (e),(f) positive-vortex state.
The insets on the right panels illustrate the corresponding current
flowing directions at the edge and near the vortex core. The
parameters are gm=2�@2 ¼ 0:2, � ¼ � ¼ 16:32 meV, and
m ¼ me, which give Tc ¼ 1:4 K and �ðT ¼ 0Þ � 70 nm, close
to those of Sr2RuO4 [24].
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FIG. 3 (color online). Spatially averaged order parameter � ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij�þj2 þ j��j2
p

(a) as functions of disk radius R at T ¼ 0 and
(b) as functions of T for a given R ¼ 2:4�ð0Þ, in a spin triplet
px � ipy-wave superconductor with sz ¼ 0. j is for the vortex-

free state, and d is for the negative-vortex state in a magnetic
field. The parameters are the same as in Fig. 2. (c) and (d) are
phase diagrams for R ¼ 2:4�ð0Þ * Rc and R ¼ 1:4�ð0Þ<Rc,
respectively. In both cases, the upper critical fields are close to
�0=2��ðTÞ2.

PRL 108, 257002 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
22 JUNE 2012

257002-3



between two different SC states by crossing a normal phase;
however, the SCðn ¼ �1Þ state becomes induced from
0:6Tc to Tc due to the absence of the vortex-free state.
Similarly, a phase diagram for R ¼ 1:4�ð0Þ< Rc is pre-
sented in Fig. 3(d), showing the complete disappearance of
the vortex-free state and the reentrant phenomenon. Thus,
in this case, field-cooled samples with H ��0=�R

2 will
exhibit superconductivity whereas zero-field-cooled
samples do not. This prediction can be readily tested by
using Sr2RuO4 microcrystals [19]. Although strong evi-
dence suggests that the SC state of this material has odd
parity [20], the null result on the observation of the edge
currents [21] seems to shed doubt on its chiral p-wave
symmetry [14]. Therefore, it will be exciting to confirm
our prediction of the induced superconductivity in a mag-
netic field, since it can provide very strong evidence of the
chiral p-wave SC pairing for Sr2RuO4.

To understand the finite size effects in both the s-wave
and p-wave pairings from the topological point of view, we
can define a winding number associated with the SC order
parameter as

W ¼ 1

2�i

I
C

d�

�
; (8)

where � refers to the off-diagonal part of the BdG equa-
tions and C is a circle around the origin counterclockwise.
For the conventional s-wave superconductors, the winding
numberW is just the vorticity n. However, for the p-wave
pairing with px þ ipy as the dominant component, we find

that W ¼ nþ 1, i.e., the sum of the vorticity and the
additional þ1 for the intrinsic chirality. Therefore, for
the p-wave vortex-free state the winding number is 1,
similar to the vortex s-wave state. These two states with
W ¼ 1 are found to vanish below a critical size compa-
rable to the coherence length. On the contrary, both the
s-wave vortex-free state and the p-wave negative-vortex
state withW ¼ 0 survive even below the critical size [22].
These results are in good agreement with an intuitive
analysis on the GL free-energy density. We only focus on
the dominant gradient term jD�j2 [8], where the covariant
derivative D reads

D 
 �ir� 2A ¼ �i@rêr �
�
i
1

r
@� þ 2A�

�
ê� (9)

in a rotationally invariant system, and we set @ ¼ e ¼
c ¼ 1. Here, 1

r @�� dominates and makes the SC state

disfavored, as the size is reduced. To avoid this energeti-
cally unfavorable term, @�� has to vanish, i.e., W ¼ 0,
leading to the survival of the s-wave vortex-free state and
the p-wave negative-vortex state.

The above result may be extended to discuss the equal
spin pairing phase in a spin triplet p-wave superconductor,
which may support half-quantum vortices [23]. In this
phase, there are two weakly interacting condensates with
Cooper-pair spin configurations j ""i and j ##i coupled by

the electromagnetic field. The Cooper-pair wave function
is given by [2]

�ðrÞ/ ½�"þðrÞe�i�j ""iþ�#þðrÞj ##i��ðpxþ ipyÞ
þe2i�½�"�ðrÞe�i�j ""iþ�#�ðrÞj ##i�� ðpx� ipyÞ;

(10)

where �� denotes the pairing in the state j��i and � is the
symmetrized product. Then, the two condensates are de-
scribed by two separated sets of self-consistent equations
with different vorticities but the same vector potential. In
this situation, electrons with up spin form a vortex state
with n" ¼ �1, while those with down spin form a vortex-

free state. Based on the relation between the winding
number and the finite size confinement discussed previ-
ously, it is straightforward to predict that when the size of
the system is reduced below Rc, the pairing in j ##i breaks
down, while the pairing in j ""iwith n" ¼ �1 is still robust.
In this sense, a spinless chiral p-wave superconductor is
achieved. We have confirmed this scenario by performing
numerical simulations. We stress that the results above are
based on the assumption that Cooper pairs with distinct
spins are weakly coupled.
In summary, we have used BdG equations to study the

finite size effect, for both s-wave and chiral p-wave super-
conductors. For the p-wave pairing, the vortex-free SC
state does not exist below a critical size, whereas the vortex
state is robust even for the system size as small as the
coherence length, where the opposite winding of the vortex
compensates for the p-wave intrinsic winding at the
boundary. These results predict a magnetic-field-induced
superconductivity in ultrasmall samples with p-wave pair-
ing such as Sr2RuO4. For all these quantum geometrical
constrains for both s-wave and p-wave pairings, the wind-
ing number W plays a determining role. Although our
mean-field theory has neglected SC fluctuations, we expect
that our results should be valid for BCS superconductors
such as Sr2RuO4 with a large coherence length and super-
fluid density.
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