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We study mesoscopic spin Hall effect on the surface of a topological insulator with a step-function

potential by using the McMillan method commonly used in the study of superconductor junctions. In the

ballistic transport regime, we predict a giant spin polarization induced by a transverse electric current with

parameter suitable to the topological insulator thin film Bi2Se3. The spin polarization oscillates across the

potential boundary with no confinement due to the Klein paradox, and should be observable in a spin

resolved scanning tunneling microscope.
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The field of a topological insulator (TI) with time re-
versal invariance has been exploring recently [1–9]. In a
three-dimensional (3D) TI, the electronic structure is char-
acterized by a bulk gap and a gapless surface mode of
Dirac particles. The topological properties are protected by
time reversal symmetry. The surface states in the TI are
helical, where electron spins are locked to their momenta.
Both the Dirac dispersion of the surface states and the spin-
momentum correlation have been confirmed in experi-
ments [6,7]. Because of the strong correlation between
the spin and momentum, these surface states are natural
candidates for studying spintronics, where the electron’s
spin degree is used to manipulate and to control meso-
scopic electronic devices.

The spin Hall effect (SHE) refers to a boundary (surface
or edge) spin polarization when an electric current is
flowing through the system. It is interesting to note that
recent advances in the SHE and the quantum SHE have
greatly contributed to the development of the field of
the TI. There have been extensive studies on the SHE in
the conventional semiconductors or metals with spin-orbit
coupling [10–19]. The SHE is often classified into ‘‘extrin-
sic’’ (impurity driven) or ‘‘intrinsic’’ (band structure
driven). Since arbitrarily weak disorder destroys the intrin-
sic SHE in a 2D infinite system with linear spin-orbit
coupling [20,21], current interest is focusing on the meso-
scopic systems in the ballistic regime, where the disorder
may be ignored [22–27]. In the ballistic regime, the electric
field is absent inside the system, and the spin polarization is
resulted from the spin precession around the lateral con-
fined potential. In 2D semiconductor systems, ballistic spin
polarization has been predicted near the potential barrier
[23,24,26]. However, the effect has not been observed in
experiments because of the weakness of the effect in
realistic semiconductors, and because of the difficulty
in detecting the spatial distribution of the spin polarization
in the sandwiched interface. The surface state of the TI
represents a different type of 2D system, where the spin-
orbit coupling is strong and the surface state can be probed

directly by a scanning tunneling microscope (STM).
As pointed out by Silvestrov and Mischenko [28], one
expects an enhancement of spin polarization in the TI for
there is no quadratic dependence of the spin-orbit coupling
strength as in semiconductor heterostructures. This may
provide a new route in the study of the SHE [28,29] and
spintronics in general.
In this Letter, we report the theoretical prediction of a

giant mesoscopic SHE (MSHE, current-induced spin po-
larization) on a surface of 3D TI thin film with a step-
function potential in the ballistic regime as schematically
illustrated in Fig. 1. By using the McMillan-Green function
method, which is commonly used in study of supercon-
ductor junctions, we derive analytic expressions for the
electric current-induced spin polarization. The spin polar-
ization is found to oscillate across the potential boundary,
and is not confined by the potential due to the Klein para-
dox. For the parameters suitable to TI thin film Bi2Se3, the
amplitude of the local spin polarization is estimated to be
as large as 20% at the Fermi level near the boundary, which
is much larger than that in typical 2D systems, and should
be observable in spin resolved STM.

FIG. 1 (color online). Schematic illustration of the proposed
mesoscopic spin Hall effect on the surface (x-y plane) of a
topological insulator. A back gate of voltage V2 is applied at
the right side with x > 0. Electric current flows along the
y direction, resulting in spin polarization oscillation along the
x direction across the barrier.
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We consider surface states of TI, described by an effec-
tive Hamiltonian in the x-y plane,

H ¼ vFðp� �Þ � ẑþ VðxÞ; (1)

where p is the electron momentum, � are the Pauli matri-
ces, and vF is the Fermi velocity. The system is transla-
tional invariant along the y axis, and has a step-function
potential at x ¼ 0, which separates two regions along the x
axis: region 1 at x < 0 and region 2 at x > 0, as illustrated
in Fig. 1,

VðxÞ ¼
�
V1 ¼ 0 if x < 0;
V2 if x > 0

where V2 is a constant. Avoltage of Vy is applied across the

surface to induce an electric current along the y direction.
The step-function potential can be realized by applying a
back gate. The back gating in the TI thin film samples with
a thickness of 10 and 50 nm has been reported in a recent
experiment [30]. The thin film of TI possesses the same
gapless Dirac modes, provided that the thin film is thicker
than a critical thickness of about 6 nm or 6 quintuple
layers, as demonstrated in recent experiment [31]. This
allows us to have proper TI samples whose physics is
described by Eq. (1).

We consider the ballistic regime, where the electric field
inside the surface is zero. We will first construct the re-
tarded Green’s function with the scattering wave functions,
a method introduced by McMillan [32]. We then calculate
the local spin density in the presence of an electric current
to show the profound MSHE, discuss experimental con-
sequences, and compare the MSHE in TI with that in a
conventional 2D electron system with Rashba coupling.

The scattering wave functions can be constructed based
on the eigenfunctions of the Dirac particle in Hamiltonian
(1) in the two separate spatial regions. The eigen wave
functions in region � corresponding to the energy � and
y-component momentum ky are given by

’�
� ðx; yÞ ¼ eið�k�x�xþky�yÞ 1

i@vF
�k�xþiky
��V�

 !
(2)

where @vFk�x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�� V�Þ2 � ð@vFkyÞ2

q
. By adjusting

the gate potential V� relative to the Fermi energy EF, the
Dirac fermion carriers in region � can be tuned into
electronlike (n type, EF > V�) or holelike (p type,
EF < V�). Therefore, the system may be viewed as n-n
or n-p types of junctions.

The right (R) and left (L) moving scattering wave func-
tions can then be found by using the standard transfer
matrix method. For a n-n junction, we have

�nn
R ðx; yÞ ¼

�
’þ

1 ðx; yÞ þ rnnR ’�
1 ðx; yÞ if x < 0

tnnR ’þ
2 ðx; yÞ if x > 0

�nn
L ðx; yÞ ¼

�
tnnL ’�

1 ðx; yÞ if x < 0
’�

2 ðx; yÞ þ rnnL ’þ
2 ðx; yÞ if x > 0

(3)

where tnnR=L and rnnR=L are the transmission and reflection

coefficients, respectively, which are related by

tnnR
0

� �
¼ T

1
rnnR

� �
;

rnnL
1

� �
¼ T

0
tnnL

� �

where T is the transfer matrix, whose explicit form can be
found in the supplementary material [33]. The scattering
wave functions for a n-p junction have a similar form,
except that all the superindices of nn are replaced by np

and that ’þð�Þ
2 are replaced by ’�ðþÞ

2 in the region x > 0
because the group velocity of a hole is opposite to that of an
electron.
If kx is complex, the evanescent wave appears. In this

case, considering the asymptotic behavior of the evanes-
cent wave, the scattering wave function for both n-n and
n-p junction will have the form given in Eq. (3).
We are interested in the transverse effect of the charge

and spin density profiles as an electric voltage is applied
along the y axis. To this end, we use the McMillan method
[32] to construct the retarded Green’s function from the
scattering wave functions. The retarded Green’s function
satisfies the equation,

ð��HÞGrðx; x0; �; kyÞ ¼ �ðx� x0ÞI (4)

where I is a 2 by 2 identity matrix. The solution for Gr is a
direct product of the scattering wave functions �R=L and

the transposal wave functions �̂t
L=R [32],

Grðx; x0; �; kyÞ ¼
�
c<�Lðx; yÞ�̂t

Rðx0; yÞ if x < x0
c>�Rðx; yÞ�̂t

Lðx0; yÞ if x > x0
(5)

where c< and c> are the coefficients, which can be deter-

mined from Eq. (4). Here, �̂L=R has the same form as�L=R

except the replacement of the factor eiky�y by e�iky�y.
The local spin density of states S for a given ky and the

local charge density of states � at energy � can be found
easily from Gr,

S ðx; �; kyÞ ¼ � @

2�
ImTr½Grðx; x; �; kyÞ��; (6)

�ðx; �Þ ¼ � 1

�

X
ky

ImTrGrðx; x; �; kyÞ; (7)

where the sum in � is over all the possible values of ky, and

the contributions from the evanescent waves are also in-
cluded. In the present case, the Green’s function, the local
charge and spin density of states, can be solved analyti-
cally. Here we shall focus on the spin z component, and the
charge density of states [33].
The local spin density of states for a given ky in the n-n

and n-p junctions are plotted in Fig. 2. One important
feature is the nonconfinement of the Dirac particle with
the higher barrier potential (V2 > �) due to the Klein para-
dox. The local spin density strongly depends on the inci-
dent angle of the electron, as we can see from Fig. 2. The
evanescent wave appears if j�� V1j> @vFky > j�� V2j,
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and there is a critical incident angle for the condition of
the evanescent wave. These features are typical character-
istics of a Dirac fermion, essentially the same as in the
graphene [34].

We now calculate the spin polarization along x direction
near the potential boundary x ¼ 0, induced by an electric
current along the y direction at zero temperature. We
consider a voltage of Vy=2 at the one edge and �Vy=2 at

the other edge of the system along the y axis, and consider
the ballistic transport limit. The effect of the voltage at the
two edges is to induce an imbalance of the occupied states
between ky > 0 and ky < 0. The states with ky > 0 are

occupied at energies below EF þ Vy=2, and the states

with ky < 0 are occupied at energies below EF � Vy=2,

with EF the Fermi energy at Vy ¼ 0. By the time reversal

symmetry, the local spin polarizations contributed from
ky > 0 and from ky < 0 with the same energy cancel to

each other. For small value of Vy, we thus obtain the

current-induced net spin density profile [23,24,35]

Sinz ðx;EFÞ ’ jeVyj
X
ky>0

Szðx;EF; kyÞ (8)

To further analyze the current-induced spin polarization,
we define local spin susceptibility �zðx;EFÞ and local spin
polarization Pzðx;EFÞ,

�zðx;EFÞ ¼ Sinz ðx;EFÞ= @2 eVy

Pzðx;EFÞ ¼ �zðx;EFÞ=�ðx;EFÞ:
(9)

The local spin polarization Pz is a dimensionless parameter
to measure the magnitude of the MSHE. Pz ¼ 1means the
spins of the electrons at a space point x at the Fermi level
are polarized. The experimentally measured local spin

density is obtained via multiplying Pz by the applied
voltage and by the local density of states. In Fig. 3, we
plot �z and the Pz for both n-n and n-p junctions. The key
features of the MSHE in the system are summarized below.
(i) There is a pronounced oscillation of spin polarization
near the potential boundary x ¼ 0. The peak value of �z is
of the order of 10�6 meV�1 nm�2, and the peak value of
Pz is about 20%, indicating the MSHE here is giant.
(ii) The induced spin polarization is found to be insensitive
to the Fermi energy on the TI surface. This may be under-
stood because the spin polarization is approximately in-
versely proportional to vF, and vF is a constant for Dirac
particles. This is markedly different from the usual 2D
system where vF is proportional to

ffiffiffiffiffiffi
EF

p
; hence, the spin

polarization is a function of EF. The oscillation period at
the zero gate region is inversely proportional to the Fermi
wave vector, or 1=kF ¼ @vF=EF, typically tens of nanmo-
eters for EF at tens of milli-electron volts. The period at the
bottom gated region is proportional to @vF=jEF � V2j, and
can be larger. The spin polarization predicted in our theory
may be detected in spin resolved STM TI samples with a
mean free path over several micron. Different from the 2D
electron gas in semiconductors, formed in a sandwiched
interface which is difficult to carry out in STM, the surface
of TI can be directly measured by STM. The bottom gated

FIG. 2 (color online). Spatial distribution of local spin density
Sz for a single Dirac fermion in Hamiltonian (1) with vF ¼
5� 105 m=s, the Fermi velocity of the surface state of TI Bi2Se3
as measured in experiment [7] and also predicted in band
calculations [9]. (a) n-n junction, V2 ¼ 40 meV, and � ¼
60 meV. � ¼ 63� [(blue) solid line] and � ¼ 18� [(red) dashed
line]. (b) n-p junction, V2 ¼ 60 meV, and � ¼ 35 meV.
� ¼ 63� [(blue) solid line] and � ¼ 36� [(red) dashed line]. �

is an incident angle, defined by ei� ¼ kxþiky
j��Vj .

FIG. 3 (color online). Spatial profiles of spin polarization
density �zðx;EFÞ (top panels), and spin polarization Pzðx;EFÞ
(bottom panels) on the surface of TI, described by Eq. (1) with
vF ¼ 5� 105 m=s, suitable for Bi2Se3. Left panels (a) and (b)
are for n-n junction: V1 ¼ 0, V2 ¼ 40 meV, and the Fermi
energy EF ¼ 50 meV [(red) dashed line] and EF ¼ 60 meV
[(blue) solid line]. Right panels (c) and (d) are for n-p junction:
V1 ¼ 0, V2 ¼ 60 meV, and EF ¼ 35 meV [(red) dashed lines]
and EF ¼ 40 meV [(blue) solid lines]. Pz ¼ 1 corresponds to
completely polarized spins at EF.
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device allows us to detect the spin polarizations at both left
and right regions.

The predicted MSHE on the TI surface is much larger
than those in the ballistic 2D electron system with Rashba
spin-orbit coupling. The latter effect is relatively weak and
has not been observed in experiment. In the 2D electron
system, vF / ffiffiffiffiffiffi

EF

p
and Pz / 1=

ffiffiffiffiffiffi
EF

p
[23]. For a typical

semiconductor such as InGaAs=InAlAs heterostructure
[36], the effective mass m� ¼ 0:05me, with me the free
electron mass, and the Rashba spin-orbit coupling �R �
10 meV � nm. One estimates [23] that the peak value of
Pz � 2:4% if EF � 3:3 meV, and Pz � 0:4% for a more
realistic value of EF � 100 meV corresponding to the 2D
electron density n2D � 2:1� 1012 cm�2. Therefore, the
local spin polarization we predicted on the TI surface is
about 50 times larger than that in a typical 2D semicon-
ductor. In some metallic Rashba surfaces, the spin-orbit
coupling is larger. However, the MSHE is still much
smaller than that in TI. Taking Au(111) as an example,
�R � 33 meV � nm, and EF � 475 meV [37]. We have
Pz � 1:5%, about 10 times smaller than that on the surface
of the TI. We also note that the predicted MSHE in a HgTe
quantum well by applying an in-plane potential gradient
is about 1000 times smaller than that in the TI [26,38].

We now briefly discuss the effect of the shape of the
potential to the spin polarization. It has been shown [28]
that the total spin polarization across the junction is a
constant, independent of the potential shape. Therefore,
if the shape of the potential varies, the spatial profile of
the spin polarization is expected to vary, but the sum of the
spin polarization remains the same and relatively large on
the surface of the TI. The oscillation period shown in Fig. 3
is approximately inversely proportional to the Fermi wave
vector. We expect a deviation of the potential shape in
length scale which is smaller than the oscillation period
would not affect the results significantly.

In summary, we have theoretically examined the meso-
scopic spin Hall effect on the surface of three-dimensional
topological insulator with a step-function potential. In the
ballistic transport regime, a giant spin polarization oscil-
lation across the junction is induced by a transverse electric
current. The spin polarization is estimated to be as large
as 20%, which is insensitive to the Fermi level and not
confined by the potential step. Its magnitude is about
one or two orders larger than that in 2D electron gas with
Rashba spin-orbit coupling. The spatial oscillation period
is of order of the inverse of the Fermi wave vector.
These features are markedly distinguished from the 2D
electron gas and observable in spin resolved scanning
tunneling microscope.
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