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We generalized the Gutzwiller projectional variational method for the ground state of strongly correlated
electron systems to the case of finite temperature. Under the Gutzwiller approximation, we show that this maps
to a finite temperature renormalized mean-field theory. As one of the key ingredients in the theory, we obtained
an explicit expression of the projection entropy or the entropy change due to the projection. We illustrate the
application of the theory to the Anderson impurity problem and the half-filled Hubbard model and compare the
theory to more elaborate techniques. We find qualitative agreement. The theory can be applied to a wide variety
of Hubbard, t-J, and Anderson impurity models.
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I. INTRODUCTION

The Hubbard model and its descendant t-J model describe
electronic systems with strong but short-range Coulomb in-
teractions. These models are widely used to describe strongly
correlated electrons, especially those originated from d or f
orbitals. However, these models are hard to treat reliably
except in one dimension. An important effect of strong cor-
relations is the narrowing of the energy band, apart from the
development of Hubbard bands and spin correlations. Tradi-
tional mean-field theories fail to account for the band nar-
rowing and therefore fail to capture the essential physics in
strongly correlated systems. The variational Gutzwiller
projection is satisfying in this respect, at least qualitatively.1

In such an approach, one tries to find the variational ground
state �G�= P�G0�, where �G0� is a suitable state of
free particles and the Gutzwiller projection operator
P=�i�1− �1−gi�ni↑ni↓� accounts for the correlation effect by
reweighting the configurations with double occupancies in
�G0�. The variational parameters are �gi� and the bare order
parameters encoded in �G0�. If gi=0 the projection forbids
any double occupancy, and therefore a half-filled Hubbard
model becomes a Mott insulator since charge fluctuations are
frozen. It has been established that under the so-called
Gutzwiller approximation the variational theory leads to a
renormalized mean-field theory �RMFT� �Refs. 2 and 3� with
an effective Hamiltonian H0 that describes free particles
whose ground state is �G0�. This theory can then be used to
calculate the energy E= 	G�H�G� / 	G �G� and also the coher-
ent part of the quasiparticle excitation spectra in the original
system under concern. The results4 compare fairly well with
those obtained by Gutzwiller projection variational Monte
Carlo �VMC� calculations.5

The success of Gutzwiller projection method for the
ground state motivates us to ask whether it could be ex-
tended to finite temperatures. In the latter cases, one has to
deal with ensemble averages instead of averaging in a pure
state. Therefore it seems technically unlikely that VMC can
be conveniently performed at finite temperatures. Since
RMFT qualitatively reproduces VMC results, we take the
alternative to develop a finite-temperature version of RMFT,
which we call TRMFT.

In this work, we generalize the Gutzwiller projectional
variational method for the ground state to finite temperatures.
For this purpose, we find the free energy as a functional of
the projection parameters as well as the order parameters
under the Gutzwiller approximation. The free-energy func-
tional contains two parts. One is the internal-energy func-
tional, which turns out to be similar to the zero-temperature
case. The other part is related to the entropy functional,
which is highly nontrivial to evaluate. We find that it can be
decomposed into a free-fermion entropy and a projection en-
tropy or the entropy change due to projection. The latter
plays a key role at finite temperatures. Finally the optimiza-
tion of the free-energy functional leads to the TRMFT we are
after. We illustrate the application of the theory to the Ander-
son impurity problem and the half-filled Hubbard model and
find qualitative agreements in comparison to results from
more elaborate numerical renormalization group �NRG� and
dynamical MFT �DMFT� techniques. We conclude that the
TRMFT can be applied to a variety of Hubbard, t-J, and
Anderson impurity models.

The rest of the paper is structured as follows. In Sec. II we
derive the internal energy and the entropy of the system at
finite temperatures using a variational projected density ma-
trix, which then enables us to construct the free energy, the
optimization of which leads to the TRMFT. In Sec. III the
theory is applied to the t-J model and compared with the
associated gauge theory. In Sec. IV we apply the theory to
the Anderson model and compare to the corresponding NRG
results. In Sec. V the theory is applied to the half-filled Hub-
bard model. We discuss the phase diagram in the interaction-
temperature space and compare the result to that from
DMFT. Section VI is a summary of this work.

II. DEVELOPMENT OF TRMFT

For general purposes, we consider the so-called t-U-J
model,6

H = − t 

	ij��

�ci�
† cj� + H.c.� + J


	ij�
Si · S j + U


i

ni↑ni↓. �1�

As an effective model, it is assumed that the spin exchange J
and the on-site repulsion U are independent parameters at
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our disposal. In the limit of U→� �so that no double occu-
pancy is allowed� the standard t-J model is recovered
whereas in the limit of J→0 the standard Hubbard model is
obtained. In fact, it is believed that adding the J term to the
standard Hubbard model improves the accounting of the ef-
fect of spin exchange and adding the U term in the standard
t-J model and relaxing the no-double-occupancy condition
improve the accounting of the effect of charge fluctuations in
approximate treatments, although these are unnecessary in
exact treatments that are still lacking.

At finite temperatures, the desired variational theory
should minimize the free energy. For this purpose, we seek a
variational density matrix �= P�0P in the canonical en-
semble or �̃=P�̃0P in the grand-canonical ensemble, where
�0=e−�H0 and �̃0=e�−��H0−�VNe�� describe a free particle sys-
tem governed by the Hamiltonian H0 that we are looking for
and P is the projection operator to be specified in the grand-
canonical ensemble. Here Ne is the number of electrons and
�V is the variational chemical potential. For reasons that will
become clear below, we will use the grand-canonical and
canonical ensemble density matrices interchangeably, but
eventually we obtain the Hemholtz free energy F=E−TS at a
given temperature and electron number, where E and S are
the internal energy and the entropy, respectively. By Peierls
theorem,7 the variational free energy F should satisfy the
inequality F�Fexact.

A. Internal energy

The internal energy E is most conveniently evaluated in
the grand-canonical ensemble. In this case, the projection
operator should be modified in such a way that it does
not change the electron-density distribution, namely,
f i= 	ni�0= 	ni�. Henceforth we use the short-hand notations:

	O�=Tr �̃O / Z̃ and 	O�0=Tr �̃0O / Z̃0 for any operator O,

where Z̃0=Tr �̃0 and Z̃=Tr �̃= Z̃0	P2�0. The requirement is
achieved by introducing fugacity factors in the projection
operator,3,8–10 which we write as

P = �i�Ei + yiQi + yi
2giDi� , �2�

in which

Ei = �1 − ni↑��1 − ni↓� , �3�

Qi = ni↑�1 − ni↓� + ni↓�1 − ni↑� , �4�

Di = ni↑ni↓ �5�

are empty, single, and double occupation operators at site i,
respectively, and yi and gi control the average electron num-
ber and double occupation at site i, respectively.

Since �̃0 describes free particles, 	P2�0 can be factorized
using the finite-temperature version of the Wick’s theorem.
Under the Gutzwiller approximation, only sitewise factoriza-
tion is retained, 	P2�0=�iz̃i, with

z̃i = ei0 + yi
2qi0 + yi

4gi
2di0. �6�

Here

ei0 = 	Ei�0, �7�

qi0 = 	Qi�0, �8�

di0 = 	Di�0. �9�

We note that the Gutzwiller approximation becomes exact in
infinite dimensions and is anticipated to capture the leading-
order effects at finite dimensions. The corresponding quanti-
ties after the projection are

ei = 	Ei� = ei0/z̃i, �10�

qi = 	Qi� = yi
2qi0/z̃i, �11�

di = 	Di� = yi
4gi

2di0/z̃i. �12�

Apart from the obvious normalization condition

ei0 + qi0 + di0 = ei + qi + di = 1, �13�

we have

eidi/qi
2 = gi

2ei0di0/qi0
2 . �14�

We also require that the electron occupation f i at any site i is
not changed by the projection or

f i = qi0 + 2di0 = qi + 2di. �15�

By tuning the fugacity factor yi, this is always possible. As a
result �ei ,qi ,di� is uniquely determined by the three condi-
tions stated above and can be related to �ri� ,gi�, where we
defined ri�= 	ni��0, with which we have

f i = ri↑ + ri↓, �16�

ei0 = �1 − ri↑��1 − ri↓� , �17�

qi0 = f i − 2ri↑ri↓, �18�

di0 = ri↑ri↓. �19�

We assumed that there is no on-site pairing order, which is
suitable for the case of repulsive on-site interaction.

It is possible at this stage to state clearly the variational
parameter space. In order to specify �̃0, we need the single-
particle orbital function 	n and its fermionic occupation
probability fn. This should also determine �ri��. Therefore,
the variational quantities are �	n , fn ,gi�, which completely
specify �̃ �and also ��. The free energy is understood as a
functional of these variables. We shall work out more prac-
tical variational parameters in the following development.

With the help of finite temperature Wick’s theorem and
the Gutzwiller approximation, the internal energy can be ob-
tained in a similar fashion to the case of zero temperature.3

First, consider the spin-exchange term. Since QiSiQi=Si, we
have

	Si · Sj� = 	Si · Sj�0yi
2yj

2/z̃iz̃ j = gs�i�gs�j�	Si · Sj�0, �20�

where

gs�i� = yi
2/z̃i = qi/qi0 �21�

is the renormalization factor for the spin moment. The mean-
field decoupling of spin exchange is standard
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	Si · Sj�0 = − �3/8���
ij�2 + ��ij�2� + mimj , �22�

where we defined the order parameters


ij = 	ci↓cj↑ − ci↑cj↓�0, �23�

�ij = 

�

	ci�
† cj��0, �24�

mi = 

�

�	ci�
† ci��0/2 = �ri↑ − ri↓�/2. �25�

Second, consider the hopping term. Since

Pici�Pi = ci���1 − ni�̄�yi + ni�̄yi
3gi� , �26�

we obtain, under the Gutzwiller approximation,

	ci�
† cj�� � gt��i�gt��j��ij�, �27�

where

�ij� = 	ci�
† cj��0, �28�

gt��i� = �1 − ri�̄�� eiqi

ei0qi0
+ ri�̄� qidi

qi0di0
, �29�

where we used the relations derived previously for the
fugacities yi, gi, and the various occupancies before and after
projection. We collect all contributions to obtain

E = − t 

	ij��

gt��i�gt��j���ij,� + c.c.�

−
3J

8 

	ij�

gs�i�gs�j���ij
� �ij + 
ij

� 
ij�

+ J

	ij�

gs�i�gs�j�mimj + 

i

Udi. �30�

We note that the renormalization factors are formally identi-
cal to those obtained at zero temperature in Ref. 3. They
reduce correctly to all known simple cases �at zero tempera-
ture� in the nonmagnetic1,2 or antiferromagnetic case.11,12

They are also formally similar to the results of the slave-
boson formulation of the Hubbard model,13 but the entropy
discussed below makes important differences.

B. Entropy

The second piece of the free energy is related to the en-

tropy, which is, in principle, given by S=−Tr��̃ / Z̃�ln��̃ / Z̃�.
Because the projection operator appears within the loga-
rithm, a rigorous evaluation of the entropy is hopeless. In the
following we first provide a lower bound of the exact en-
tropy for the uniform nonmagnetic case, and then argue that
the result can be extended immediately to the general unre-
stricted cases. For this purpose it turns out to be more con-
venient to work with � in the canonical ensemble first. In this
case, S=−Tr�� /Z�ln�� /Z�, where Z=Tr �. We rewrite the
projection operator as

P = 
 Ei1
. . . EiNE

Qj1
. . . QjNQ

Dk1
. . . DkND

, �31�

where NE, NQ, and ND are the total numbers of empty, singly
occupied, and doubly occupied sites, respectively, in the sys-
tem with N sites, with N=NE+NQ+ND. The summation is
over the N ! / �NE !NQ !ND!� configurations of these sites.
Clearly, the average empty, single, and double occupancies
are e=NE /N, q=NQ /N, and d=ND /N. The electron filling is
given by f =q+2d. Moreover, in the present form P is a
genuine projection operator satisfying P2= P. Let us suppose
that ��k�� are the eigenstates of the operator � with the cor-
responding eigenvalues ��k�. These states are clearly also the
eigenstates of the projection operator P with P�k�= �k�. Be-
cause of this, we have

�k = 	k���k� = 	k��0�k� . �32�

Consequently,

Tr � ln � = 

k

�k ln �k = 

k

	k��0�k�ln	k��0�k� . �33�

Since �0 is a positive definite Hermitian operator, we have
the well-known inequality14,15

	k��0�k�ln	k��0�k� � 	k��0 ln �0�k� �34�

so that

Tr � ln � � 

k

	k��0 ln �0�k� . �35�

We can remove the restriction of Hilbert space by bringing
back the projection operator so that

Tr � ln � � Tr P��0 ln �0�P . �36�

Now the projection operator is liberated from the logarithm.
The total entropy is estimated as

S = − Tr��/Z�ln��/Z� � ln Z + �	PH0�0/	P�0, �37�

where we used ln �0=−�H0 and Z=Tr �= 	P�0Z0 with
Z0=Tr �0. Note that in the last inequality of the above equa-
tion, the projection operator stands only on one side of the
Hamiltonian. The effect of this is quite different if H0 is
sandwiched between two projection operators. To see the ef-
fects of such a projection, we momentarily switch back to the
grand-canonical ensemble. Since the projector P has the ef-
fect of projecting out the desired empty, single, and double
occupancies, in the grand-canonical ensemble we must re-
place P by P2. In addition we must replace �0 by �̃0 in doing
the statistical average. For a hopping term in H0, we have

	P2ci�
† cj��0/	P2�0 = 	�ni�̄yi

4gi
2 + �1 − ni�̄�yi

2�

�nj�̄yj
2 + �1 − nj�̄��ci�

† cj��0/	Pi
2P j

2�0

= ��ri�̄di/di0 + �1 − ri�̄�qi/qi0��

�rj�̄qj/qj0 + �1 − rj�̄�ej/ej0�	ci�
† cj��0

= 	ci�
† cj��0, �38�

where in the last step we used the fact that f i=qi+2di,
ei+qi+di=1, and 	ni�̄�0= f i /2 in a nonmagnetic state. The
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above equation means that projecting on one side does not
lead to renormalization to the hopping terms under the
Gutzwiller approximation. A similar relation holds for pair-
ing terms. We conclude that in a nonmagnetic uniform state

S � ln Z0 + �	H0�0 + ln	P�0 = S0 + 
S , �39�

where

S0 = − 

n

�fn ln fn + �1 − fn�ln�1 − fn�� �40�

is the entropy of the unprojected free particle system and 
S
is the projection entropy 
S=ln	P�0. Using the fact that un-
der the Gutzwiller approximation

	P�0 =
N!

NE!NQ!ND!
e0

NEq0
NQd0

ND, �41�

we obtain


S = − Ne ln
e

e0
+ q ln

q

q0
+ d ln

d

d0
� . �42�

The above form of the entropy applies in nonmagnetic
uniform states, where the canonical-ensemble projection op-
erator satisfies P2= P. We argue that the form of the entropy
can be extended to general cases as follows. In the

grand-canonical ensemble, Z̃= Z̃0	P2�0= Z̃0�iz̃i. The z̃i
factors signify �artificial� degrees of freedom that are

�superficially� independent of those in Z̃0. Within the factor
z̃i=ei0+yi

2qi0+gi
2yi

4di0, the three “Boltzmann weights” are for
empty, single, and double occupation states, being propor-
tional to ei, qi, and di, respectively. Naively, this would
amount to a sitewise entropy −�ei ln ei+qi ln qi+di ln di�.
However, there is a physical constrain that the entropy from
z̃i should be upper bounded by the uncorrelated case since
any correlation introduced by the projection reduces the ac-
tive degrees of freedom. This constrain prescribes that the
correct residual entropy caused by projection should be in
the form of a comparison


S = − 

i
ei ln

ei

ei0
+ qi ln

qi

qi0
+ di ln

di

di0
� , �43�

which is negative definite, signifying the entropy loss due to
projection. This form of 
S may be viewed as a local-density
approximation extension of the counterpart in the nonmag-
netic uniform case. The estimation of the entropy is one of
the central results of this work. We emphasize that the varia-
tional entropy gives a lower bound to the exact entropy, as
desired to satisfy the Peierls theorem.

C. Variation in the free energy and TRMFT

We now have all ingredients to construct the free energy
F=E−TS. We minimize it by cyclic two-step processes.
First, we fix �ri� ,gi� and vary 	n and fn only. Second we
modify �ri� ,gi� subject to given total number of electrons.
Since the renormalization factors �gt��i� ,gs�i�� and the spin
moments �mi� are fixed at the first stage, variation with re-
spect to 	n leads to a single-particle Shördinger-type equa-

tion h	n=�n	n with h a single-particle Hamiltonian. The
variation with respect to fn merely yields a Fermi function
fn=1 / �e��n +1�. This should self-consistently determine the
order parameters �ij and 
ij. The second-quantization form
of h is exactly H0 we looked for in the first place and it reads

H0 = − t 

	ij��

gt��i�gt��j��Ci�
† Cj� + H.c.�

−
3J

8 

	ij��

gs�i�gs�j���ij
� Ci�

† Cj� + H.c.�

−
3J

8 

	ij����

gs�i�gs�j��
ij
� ����Cj�Ci�� + H.c.�

− 

i�

�i��ni� − ri�� , �44�

where ���� is the element of a 22 antisymmetric tensor
and local Lagrangian parameters �i� are introduced to fix the
local densities ri�. The form of H0 is similar to that derived
at zero temperature.2,3 The reason is that under the
Gutzwiller approximation the projection entropy is local, in-
dependently of the global structure of the single-particle
states �	n�.

At the second stage, we modify the parameters �ri� ,gi� to
further lower the free energy. In the restricted uniform case
ri�=r� and gi=g. In the case of t-J model, gi=0 by defini-
tion.

Noticing that

F0 = 	H0�0 − TS0 = − T ln Tr e−�H0 �45�

contains many parts of E, we can rewrite the physical free
energy in a more convenient form

F = 

i

Udi + J

	ij�

gs�i�gs�j�mimj − T
S + F0. �46�

Moreover, in the first variation stage, �ri� ,di�, equivalent to
�ri� ,gi�, completely specify H0. Indeed, qi= f i−2di,
ei=1−di−qi=1− f i+di. Combining ei0= �1−ri↑��1−ri↓�,
di0=ri↑ri↓, and qi0= f i−2di0, they determine all of the renor-
malization factors �gt and gs� in H0, and self-consistency
determines all of the order parameters and reproduces
ri�= 	Ci�

† Ci��0. Therefore, the two-step variational process is
equivalent to a more practical process by varying ri� ,di com-
bined with the self-consistency condition. Finally, the theory
can be extended to the grand-canonical ensemble with the
free energy �=F−�
i f i with a physical chemical potential
�. In this case we have the liberty to vary ri� without fixing
the total electron number. We call this theory the TRMFT, in
which the projection entropy 
S is the key new ingredient.

At zero temperature, the effect of the entropy loss 
S is
absent in F, and we recover the zero-temperature RMFT. At
finite temperatures, the system may choose to reduce the
strength of the effective correlation by reducing the entropy
loss and may eventually recover a free-particle theory at suf-
ficiently high temperatures. This effect is absent in the slave-
boson MF �SBMF� theory. The entropy loss also depends on
the local charge and spin densities and will play a role in
seeking inhomogeneous equilibrium states.
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III. COMPARISON WITH GAUGE THEORIES FOR THE
t-J MODEL

Let us consider the uniform paramagnetic state of the t-J
model. In the SBMF theory,16 the electrons are decomposed
into independent fermioninc spinons and bosonic holons. At
high-temperature limit, one can neglect the band structure
and a probability counting is sufficient to calculate the en-
tropy. A site can be occupied by a spin-up spinon with prob-
ability �1−x� /2 �x is the doping level beyond half filling�,
leading to an entropy per site

s↑ = −
1 − x

2
ln

1 − x

2
−

1 + x

2
ln

1 + x

2
. �47�

The spin-down spinons contributed equally, i.e., s↓=s↑. On
the other hand, a site can be occupied by a holon with prob-
ability x, leading to the entropy contribution

sh = − x ln x + �1 + x�ln�1 + x� . �48�

The total entropy SMF=S↑+S↓+Sh in the slave-boson mean-
field theory in the high-temperature limit is therefore

sMF = − x ln x − �1 − x�ln�1 − x� + 2 ln 2 �49�

per site. This entropy is even larger than that of free electrons
and is the reason why slave boson theory always predicts a
paramagnetic insulating state at high temperatures, a state
with unphysically high entropy. The missing ingredient in
the mean-field theory is the gauge fluctuations,17 which acts
to enforce the constrain that a site is always occupied by one
and only one of the slave particles. Therefore, rather coun-
terintuitively the �longitudinal� gauge degrees of freedom re-
duces, rather than increases the entropy due to the above
effect. Indeed, the entropy contributed by them has been
worked out to be18

sg = − �1 + x�ln 2. �50�

The total entropy is therefore given by

s = sMF + sg = − x ln x − �1 − x�ln
1 − x

2
, �51�

which reflects exactly the fact that a site is empty, occupied
by a spin-up or spin-down electron with probabilities
x, �1−x� /2, and �1−x� /2, respectively.

Now let us look at the same problem from the TRMFT
point of view. Here no holons are involved. The entropy
from the free fermions in the mean-field theory in the high-
temperature limit is given by

s0 = − �1 − x�ln
1 − x

2
− �1 + x�ln

1 + x

2
, �52�

which is the fermionic piece of SMF in the above. To
calculate the projection entropy, we recall that e=x
and e0= �1+x�2 /4, q=1−x and q0= �1−x2� /2, d=0 and
d0= �1−x�2 /4. The projection entropy is


s = − x ln
4x

�1 + x�2 − �1 − x�ln
2

1 + x
, �53�

which is indeed negative definite. Combining s0 and 
s
yields exactly the same expression for s as above. We there-
fore see that at the TRMFT level the entropy is already lower
than that of SBMF, and the projection entropy worked out in
this paper further improves to give the exact entropy in the
high-temperature limit.

IV. DOUBLE OCCUPANCY ON THE ANDERSON
IMPURITY

As the first simple but nontrivial application, we consider
an Anderson impurity coupled to a conduction band.
The Hamiltonian is given by H=Hf +Hc+HV, where Hf
=
��� f −��f�

† f�+Unf↑nf↓ describes the impurity atom in in-
solation, Hc=
k���k−��ck�

† ck� describes the conduction
electrons �in momentum space�, and Ht=−t
��f�

†c0�+H.c.�
describes the hybridization between the impurity and the
conduction electrons at a real-space position 0. For the sim-
plest purpose, we will consider � f =−U /2 and assume that �k
is symmetric about zero. In this case �=0 guarantees that the
system is half filled everywhere by strict particle-hole sym-
metry. Since only the impurity electrons interact, we only
have to renormalize the impurity-related part of the Hamil-
tonian. On the impurity site, we have e=d, q+2d=1,
e0=d0=1 /4, and q0=1 /2. According to the above TRMFT,
we can take d as the only variational parameter and write
H0=−gtHt+Hc as the renormalized free Hamiltonian with
gt=�8d�1−2d�. The free energy is given by

F = � f + Ud − T
S − T ln Tr e−�H0

= � f + Ud + T�2d ln�2d� + �1 − 2d�ln�1 − 2d� + ln 2�

− 2T Tr ln Gf
−1 + Fc. �54�

In the last equality the factor of 2 before the trace symbol
accounts for spin species, Gf =1 / �i�n−gt

2t2gc� is the impurity
Green’s function, Fc, and gc=
k1 / �i�n−�k� �normalized to
unit volume� is the free energy and local Green’s function of
the conduction band when it is uncoupled to the impurity. In
arriving at the above result we have performed path integrals
by part. Varying F with respect to d, we have

U = − 2T ln
2d

1 − 2d
− 16�1 − 4d�T


n

�t2gcGf� . �55�

This result is exact both in the atomic limit t=0 �where
d=1 / �2+2eU/2T�� and in the interactionless limit U=0
�where d=1 /4�. In general cases, the above equation yields a
monotonic function U in terms of d at a given temperature T,
and it can be easily inverted numerically to find d as a
function of U and T. To proceed, we assume a rectangular
density of states �DOS� for the conduction band,
Nc���=��1− ���� /2 �with a full bandwidth W=2� and write
gc=�d�Nc��� / �i�n−��. We further take �=�Nc�0�t2=W /4
for definiteness. The temperature dependence of d for
U=2,4 are presented in Fig. 1 �solid lines� and is compared
to the corresponding NRG results �symbols�. We see perfect
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or qualitative agreement in the three temperature regimes:
the activation regime T�W in which ln d�−U /2T; the local
moment regime in which d dips toward zero �highlighted by
the dashed line�, and the Kondo regime T�TK where d
saturates. The Kondo temperature TK from the Bethe ansatz
solution is19 TK=�U� /2 exp�−�U /8��. We find 2TK /W
=0.147 �or 0.043� for U /W=1 �or 2�. We have therefore
reached temperatures far below TK in Fig. 1. On the other
hand, we naturally get the free atomic limit d→1 /4 for
T�W ,U.

V. METAL-INSULATOR TRANSITION IN THE HALF-
FILLED HUBBARD MODEL

The Hubbard model at half filling can display a transition
from a metal to an insulator as the control parameter U /W
varies, where W is the bandwidth. At finite temperature the
thermal-energy scale T enters. We consider the uniform para-
magnetic state characterized by a bare band DOS N���
= �2 /���1−�2 �suitable for a Bethe lattice� with a full band-
width W=2. At half filling we again have e=d, q=1−2d,
e0=d0=1 /4, and q0=1 /2. According to the TRMFT, all hop-
ping integrals are renormalized by g=gt

2=8d�1−2d� so is the
band energy. Therefore the free-energy density per site is
given by

f = Ud + T�2d ln 2d + �1 − 2d�ln�1 − 2d� + ln 2�

− 2T� d�N���ln�1 + e−�g�� . �56�

Variation with respect to d yields

U = − 2T ln
2d

1 − 2d
− 16�1 − 4d�� d�N����

1 + e�g� . �57�

The double occupancy d as a function of T is presented in
Fig. 2 �solid lines� for U=1.3Wn /4 �n=0,1 , . . . ,8�. The
double-head arrow specifies the TRMFT result for U=1.3W,
which is compared to the corresponding result obtained by
DMFT using NRG as the impurity solver �symbols�.20 We

see qualitative agreement. Moreover, we see from the
TRMFT curves that for U�W the double occupancy devel-
ops a dip around a crossover temperature. By comparison
with the Anderson impurity problem discussed above, we
understand the dip as indicating the tendency of the forma-
tion of local moment. The crossover temperatures are pre-
sented in Fig. 3 �dotted line�. As U increases further, the dip
evolves to a finite-temperature window within which d→0
in the TRMFT result. This is a signature of a saturated local
moment. We assign the lower ends of these windows as the
boundary of the first-order phase transition between the low-
temperature paramagnetic metallic phase and the higher tem-
perature paramagnetic insulating phase. The phase boundary
is plotted in Fig. 3 �solid line�. There is a finite jump of d
across the boundary, except at the zero-temperature end �tri-
angle� and the end point at roughly T=0.11W �square�. The
critical U for the phase transition at T=0 �triangle� is slightly
above that within DMFT, and the starting temperature of the
crossover line �square� is about three or four times larger
than that in DMFT. Apart from such quantitative discrep-
ancy, the phase diagram in Fig. 3 is in good agreement with
the single-site DMFT results.21,22

10-4 10-3 10-2 10-1 100 101
0.00

0.05

0.10

0.15

0.20

0.25

U/W=
1 TRMFT
1 NRG
2 TRMFT
2 NRG

d

2T/W

FIG. 1. �Color online� Temperature dependence of the double
occupancy in the Anderson impurity model for U /W=1 and U /W
=2. Solid lines �symbols� are obtained by TRMFT �NRG�. The
dashed line highlights the dip around the crossover temperature.
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n=0,1,...,8

d

T/5W

TRMFT, U=1.3W n/4
NRG/DMFT, U=1.3W

FIG. 2. �Color online� Temperature dependence of the double
occupancy in a Hubbard model. The solid lines are obtained by
TRMFT for U=1.3Wn /4 �n=0,1 , . . . ,8�. The double-head arrow
specifies the TRMFT result for U=1.3W, which is compared to the
corresponding result obtained by DMFT using NRG as the impurity
solver �symbols�.

FIG. 3. �Color online� Phase diagram of the half-filled Hubbard
model. The transition line is first order at finite temperatures and it
terminates at two second-order transition points at zero temperature
�triangle� and at a finite temperature about T=0.11W �square�. The
dotted line indicates the crossover.
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In order to understand the phase diagram better, we plot
the entropy as a function of temperature in Fig. 4 for
U=1.3Wn /4 �n=0,1 ,2 , . . . ,5�. In the high-temperature
limit, all curves approach s=2 ln 2, as desired in the free
atomic limit �at half filling�. The curves are continuous for
n�3 but develop plateaus with s=ln 2 for n�4, followed by
downward jumps with decreasing temperature. The plateau
corresponds to d=0. Here the bandwidth becomes zero so
that the free-fermion entropy is s0=2 ln 2 while the projec-
tion entropy is 
s=−ln 2, yielding a total entropy s=ln 2.
Without the projection entropy s would be already saturated
so that d would have to remain zero at higher temperatures,
leading to phase transitions for any U�0 �not shown�. With
the projection entropy, the plateau value is exactly that of a
local moment while the entropy jump defines the first-order
phase transition in Fig. 3. There is a caveat in TRMFT, how-
ever. The entropy becomes negative in the zero-temperature
limit for U�0. This is because here the free-fermion entropy
approaches zero while the projection entropy is negative for
d�d0. The negative entropy is, in principle, unphysical and
indicates the overestimation of the projection entropy �in
magnitude� at low temperatures. However, it is allowed in a
variational theory. After all, at low enough temperatures the
entropy does not play an important role.

VI. SUMMARY AND REMARKS

We generalized the Gutzwiller projectional variational
method for the ground state for strongly correlated electron
systems to the case of finite temperature. Under the
Gutzwiller approximation, we show that this maps to a finite
temperature renormalized mean-field theory, with the projec-
tion entropy as the important ingredient. We illustrate the
application of the theory to the Anderson impurity problem
and the half-filled Hubbard model and compare the theory to
more elaborate techniques. We find qualitatively good agree-
ment. The method is variational �thus nonperturbative�, un-
restricted and operates at any finite temperatures, and can be

applied to a wide variety of Hubbard, t-J, and Anderson
impurity models.

A few remarks are in order before closing: �1� a phenom-
enological finite-temperature theory under the Gutzwiller ap-
proximation was proposed for a nearly localized Fermi
liquid.23 In this theory a weighting function for the
momentum-dependent entropy contributions was introduced
to reflect the effects of projection. In another phenomeno-
logical theory,24 the projected free energy is assumed to that
of the free system subject to a renormalization factor com-
mon to both the kinetic energy and the entropy. It would be
interesting to see whether these prescriptions satisfy the
variational requirement for the entropy. It would also be in-
teresting to see how such approaches can be extended to
inhomogeneous systems. In comparison, the present theory
follows “microscopically” from the variational principle for
unrestricted states. �2� The projection entropy in our case
depends on local occupancies �for the empty, singly occu-
pied, and doubly occupied states� and is therefore important
in seeking inhomogeneous states. However, it is insensitive
to magnetic or superconducting orders. A possible improve-
ment is to extend the estimation of the projection entropy to
be order-parameter sensitive also. �3� In the insulating para-
magnetic state of the half-filled Hubbard model, the entropy
is ln 2 per site in the TRMFT, implying a completely uncor-
related system with local moments. In reality, the local mo-
ments can develop spatial/temporal correlations even in the
insulating state. This physics could be picked up by adding
the spin-exchange interaction to the standard Hubbard model
and the TRMFT �see Sec. II C�. The phase diagram in this
situation could be improved but is left as a further study. �4�
Apart from band renormalization and static order parameters,
the TRMFT also yields information on dynamical properties
of the system. As in the zero-temperature RMFT,3 the varia-
tion in the internal energy �E versus that of the eigenorbital
occupancy �fn satisfies �E=
n�n�fn to leading order. There-
fore the single-particle energy �n of H0 describes consistently
the pole of quasiparticle excitations in the sense of Landau
Fermi liquid. On the other hand, the factor gt��i� measures
the overlap between the bare quasiparticle state in the
TRMFT and a corresponding real electron wave function at
the given site. Therefore, the electron Green’s function may
be written as G�i� , j��=gt��i�gt��j�G0�i� , j��+Ginc�i� , j��,
where the first contribution is the coherent part with G0 ob-
tained from H0. The incoherent part Ginc is not available at
the mean-field level. On the other hand, static response func-
tions can be obtained by TRMFT subject to suitable applied
fields. Furthermore, a bare bubble calculation using G could
provide useful insights into dynamic two-particle response
functions, although caution must be paid to vertex correc-
tions.
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